
JOURNAL OF

GEOMETRYAND
PHYSICS

EL.SFVIIR Journalof GeometryandPhysics14 (1994) 1—24 ________________

Twistor spinorsand their zeroes*
KatharinaHabermann

Ruhr-UniversitätBochum,Institutfir Mathematik,44780Bochum,Gennany

Received18 November1992; revised 12 July 1993

Abstract

A generalizationof the Einstein condition for Killing spinors is given for twistor
spinorson Riemannianmanifolds. We study the zeroesof twistor spinorson manifolds
with parallelRicci-tensor,in particularon Einsteinmanifolds.Furthermore,we consider
theconformaldeformationof the metricdefinedby atwistorspinorandfind a sufficient
condition for the completenessof this metric on the complementof the zero set.
Examplesare constructedfor which the situation is realized.Finally, we obtain results
concerningthe conformalvector field definedby a twistor spinor.
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Introduction

P. Penroseintroducedtwistorspinorsona spin manifold in generalrelativity
(seefor instance[27]). In [1] M.F. Atiyah, N.J. Hitchin and J.M. Singerfollow

the ideaof P. Penrose.Using the twistor equationtheyprovean integrability
conditionfor the complex structureon the twistor spaceof an orientedfour-
dimensionalRiemannianmanifold. Further, it is remarkablethat the twistor
spinorscorrespondto parallelsectionsin a certainbundle (seefor instance[6]
or [121). In this paper we study n-dimensionalRiemannianspin manifolds
(Ma. g), wheren � 3, admitting non-trivial twistor spinors.A twistor spinor
is a spinorfield ~ e F(S) satisfyingthe differential equation

Vx~+ Dgo = 0

for all vectorfields X.
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In [181 A. Lichnerowicz introduced the twistor spinors as zeroes of the

conformally invariant twistor operatorV andstarted their systematicalgeo-
metrical investigation.In particular,usingthe solution of the Yamabeproblem
he provedthat on compactmanifolds the spaceof all twistorspinorscoincides
— up to a conformal changeof the Riemannianmetric — with the spaceof all
Killing spinors (see [19]). Killing spinorsare special solutionsof the twistor
equation.If (M’~,g)admits a non-trivial Killing spinor, then (M~,g) is an
Einstein manifold. In Proposition2 of this paperwe give a generalizationof
this result for twistor spinors.It is well known that Killing spinors haveno
zeroes.Whereasnon-trivial Killing spinors vanish nowhere,twistor spinors
with zeroesare possible.In [121 Th. Friedrich studiedthe zeroesof twistor
spinors.In particular,it turnedout that the set of all zeroesof a twistorspinor
is a discretesubsetof M’7.

We will considerhere twistor spinorsadmitting zeroeson manifolds with
parallelRicci-tensor.As a consequencewewill seethatanytwistorspinoron the
standardsphereS’7 vanishesat mostat onepoint. Recall that A. Lichnerowicz
in [19] provedthat the standardsphereS~is — up to a conformal changeof
the Riemannianmetric — the only compactmanifold admitting twistorspinors
vanishingat somepoint.

In [12] Th. Friedrichhasshownthat twistor spinorson completeconnected
Einstein manifolds of non-positivescalar curvature vanish at most at one
point. We will prove that this result is true also in the caseof positive scalar
curvature. Furthermore,we will see that the Euclideanspace,the hyperbolic
spaceand the sphereare the only complete connectedEinstein manifolds
admitting twistor spinorsvanishingat somepoint.

Next we considerthe conformal deformationof the metric defined by a

twistor spinor and give a sufficient condition for completenessof the metric
on the complementof the set of all zeroes.Examplesaregiven for which the
situationis realized.Finally, we obtainresultsconcerningthe conformalvector
field definedby a twistor spinor and give a local descriptionof Riemannian
manifolds admitting twistor spinorsvanishingat somepoint.

1. General formulas and results

Let (M’7,g) be an n-dimensionalRiemannianspin manifold, n > 3, and
let S be the spinor bundle of (M’7, g) equippedwith the standardhermitian
innerproduct ( , ). The covariantderivativeon the spinorbundleinducedby
the Levi-Cività connectionV on M~will also be denotedby V. We consider
the Clifford multiplicationp~:TM’7 0 S —~ S anddenoteby X ji(X .

the Clifford multiplication of the vector X by the spinor ç~.Let e
1,.. . , e~be a

local orthonormal frame on M’7. Then the mappingp: TM’7 ® S —~ TM~0 S
definedby
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p(X®~) = X®~+

for X ® q’ E TM’7 ®S, is a projection of TM’7 OS onto the kernelkeru of the
Clifford multiplication. The twistor operatorV is definedas the composition
of the covariantderivative V andthe projectionp

V = po V :1(5) —+ F(T*M’7 ®S) ~ F(TM’7 oS) -~ F(ker~i).

Here we identify the bundles T*M’7 and TM~via the metric g. Locally the
twistor operatorV is given by

= ® (V~ + !ej D~) for ~ ~F(S),

whereD denotesthe Dirac operator.
Let ~ = Ag be a conformal change of the metric, where A is a positive

real-valuedfunctionon M’7, andlet : S —~ S denotethe naturalisomorphism
of the correspondingspin bundles.Then we havethe relation

= A1I4~(A1l4~)for ~ E F(S),

where~ denotesthe twistor operatorin S. Thus, the twistor operatorV is a
conformally invariantoperator.

The zeroesof V are called twistor spinors.The kernel of V is describedby
the twistor equation

Vx~2+ . D~= 0

for all vectorfields X E F (TM~).On the spacekerv of all twistorspinorswe

havetwo conformal invariants
C

17, =Re(Dç9,~),

Q~= I~PID~V— C~— j=l . ~))2 > 0,

wheree1,.. . , e~is an orthonormalframe on M”. Further, if ço E kerV then

Vx(DçO) = ~nL(X).co

for all XE F(TM~), whereL denotesthe (1, 1)-tensordefinedby

L= 1 ( R id—Ric
n—2 \,2(n—l)

Furthermore,any twistor spinorsatisfies

2 RnD ~ = 4(n — 1)
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In the casethat the manifold (M’7,g) is an Einstein manifold we have some
more information. It is easyto prove assuming(M’7,g) to be Einstein that
D(kerV) c kerV. Moreover,the (1, 1)-tensorL simplifies to

R
L= id.

2n(n —1)

We denoteby N11, = {x E M’7 : q (x) = 0} the zero set of the twistor spinor
~. Th. Friedrichproved(see [12]) that N17, is a discretesubsetof M’7. If p is a
twistorspinorvanishingat somepoint, thenC17, = 0 and Q1, = 0. Moreover, if
~ is a twistor spinor such that C11, = 0 and Q11, = 0, thenwe havethe relation

uDço = ~ngradu.

whereu = Ic~l
2(see [12]). Using this relation oneproves

Lemma 1.1.Let (M’7,g) be a Riemannianspin manifold with twistor spinor ~
suchthat C

17, = 0 and Q11, = 0. Then ç9/~qj”is a harmonicspinor on

2. A generalization of the Einstein condition

An important special class of twistor spinors are the Killing spinors, i.e.
spinorfields ç9 E F(S) on (M’7, g) satisfyingthe differentialequation

Vxc~AX’c9

for a complexnumberA andall vectorfields X. However,a necessarycondition

for the existenceof non-trivial Killing spinorsis that the underlyingRieman-
nian manifold is an Einstein manifold of scalarcurvatureR = A

24n(n — 1).
As a kind of generalizationof this condition we are now going to prove the
following result.

Proposition 2.1.Let (M’7, g) be a Riemannianspin manifold, ç~a non-trivial
twistor spinor on M~and u = ~ Then

u{~x— Ric(X)} = (n —2) {V~gradu+ iAuX}

holdsfor all vectorfields X on M’7.

Proof Let e
1, . . . , e~be a local orthonormalframe on M’7. Thenwe have

e1(u) = _!{(e1.D~,~)+ (~,e1.D~)}

for j = 1,...,n. This implies

X(e1(u)) Vxej(u) + g(L(X),e~)u+ ~g(X,ej)~D~~2.
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Consequently

Vxgradu = L(X)u + ~IDI2X + ~{Vxej(u)e1 + e1(u)Vxe1}.

Using g(Vxe1,e1)= —g(e1,Vxe~)for i,j = 1,...,n, we obtain

~{Vxe1(u)e1 + e1(u)Vxe1}= 0.

Thus,

Vxgradu = uL(X) + ~~lDcoI2X

for all vector fields X. Since

2 Rn nDço~ = 4(n—

for eachtwistor spinor ç~we concludethat

uL(X) = V~gradu—2n(n— 1)uX + !4uX

Applying the definition of L, we obtain the assertion. LI

Now we obtain the Einstein condition for Killing spinors in the following
way. The Killing equation

Vx(p = AX . (p

and the identity

2 Rn

D (p = 4(n —

for twistor spinorsimply the equation
A

2- R

— 4n(n—l)

for the scalarcurvatureR. Hence A is either real or imaginary. If (p is a real
Killing spinor, then u = (p~2is constantand by the Proposition (M’7,g) is
an Einsteinmanifold. If (p is an imaginaryKilling spinorwith Killing number
A = ict, then it holdsthat

Vxgradu = 4cs2uX

for all vectorfields X and

Au = —4ncs2u.

ThusProposition2.1 yields the Einsteincondition again.
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3. Zeroesof twistor spinors on manifolds with parallel Ricci-tensor

Let (M’7, g) be a Riemannianspin manifold with V Ric = 0. For instance,
Einsteinmanifoldsare manifoldswith parallelRicci-tensor.V Ric = 0 implies
that the scalar curvature is constantand, moreover, the (1, 1)-tensorL is
parallel, too.

Now considera geodesicy(t) in M’7 anda non-parallel twistor spinor (p.

Set u(t) = jco(y(t))12 andv(t) = jD(p(y(t))j2. Moreover, we introduce the
functions

s(t) =

A(t) =

Since V Ric = 0, thesefunctionsare constantalongthe geodesic,s(t) s and
A (t) A. From the twistor equationwe obtainthe system

2 n2
u” =Au + —iv, v” = ~ +Av

ii 2

of ordinary differential equationsfor the functions u andv along y (t).

The Cauchy—Schwarzinequality implies Al <s, andweconsiderthe follow-
ing cases

(i)s = 0,A = 0,
(ii)s>0,A +s =0,
(iii)s>0,A—s = 0,
(iv)s > 0,A + s> 0,A—s <0.
Solving the differential equationsabove, we obtain:
(i)Ifs = 0, then

u(t) = ~?-~~2+ u
1t + u0, v(t) = v0 >0.

(ii) Ifs> 0 and A + s = 0, then

u(t) = — _~_~Vl)sin(V~t) + (UO — —~.VO)cos(Vi~t)

+ ~v1~t + u0 + ~v0

Sn J sn

and

v(t) = — ~i~±ui)sin(v’i.~t) + (V~_ ~uo)cos(V’~t)

/ ~
+ + ~~_~_~UI)t+ V0 + —~--Uo
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(iii) Ifs > 0 andA — s = 0, then

u(t) = .~{_}=(u1 + _~Vl) sinh(V~t)+ (u0 + _~VO)cosh(V’~t)

+ (~1— __IVI)t + u0 — ~~0}
and

v(t) = ~{~=(V1 + çu1)sinh(v’~t) + (Vo + ~-~uo)coshv’~t

/ ~ \

(iv) Ifs> 0,A + s>0 andA—s<0, then

u(t) = ~{~/i~- A (ut + _~V1) sinh(~/s+ At)

+ (~~0+ _~Vo)cosh(~/s+ At)

+ ~rLA (~1— sin(~/s— At)

+ uo—--—~Vo cos(’/s—At)

and

11 1 / sn
2 \.

v(t) = —~ (V
1 + —u1 sinh(’~/~-At)2~/s+A\ 2 j

/ ,~2 \
+ + _~_-uo)cosh(’fs + At)

+ ~ (~1— sin(~/~At)

/ ,~2 \
+ ~vo__~~-uo)cos(Vs_At)

Finally we have

Lemma 3.1.Let x0 E M’7 be a zeroof the twistor spinor ço, xo E N1,. Moreover,
let y(t) be a geodesicin M~such that y(0) = x0. With the notationsabovewe
obtain

(i)ifs = 0, then

u(t) = ~ and V(t)mV0>0.

Thereare no morezeroesofço along y(t).
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(ii) Ifs >0 andA + s = 0, then

u(t) = -cos(v~t)), v(t) = ~(l + cos(~t)).

Becauseof theperiodicityof u other zeroesalong y(t) arepossible.
(iii) In the case s > 0 andA — s = 0 the solutionsare

u(t) = -~~2(cosh(v”i~t)— 1), v(t) = ~(cosh(v’~~t) + 1).

No morezeroesarepossible.
(iv)Fors > 0,A + s>0 and A —s<0 we have

u(t) = ~2~osh’~~ st) —cos(Vs—At)),

V (t) = -~- (cosh(i/A + st) + cos(’5/s — At)).

In this case, too, thereare no morezeroes. LI

Example 3.2.The standardsphereS°.We haveRic = (n — 1)id. Thus L =

—iid and R = n(n — 1). We fix x0 E S~and a geodesic y(t) of maximum
length with y(O) = x0. The constantsA ands are given by

s=~ and A+s=0.

Now let ~pbe a twistor spinor on 5” with zero point x0. Then we have

2v0
u(t) = —~—(1— cos(t)) , v(t) = —(1 + cos(t))

n 2

for the functions u(t) = (p(y(t))~
2and v(t) = D(p(y(t))(2 along y(t).

Obviously, y(2~r) is the next zero of ~palong y(t). On the other hand, all
maximum geodesics on S” are closedand of length 2r, i.e. y(2~z)= y(O) =

xo.

Proposition 3.3.Any twistor spinor on the standardsphere5” vanishesat most
at onepoint. LI

4. Zeroes of twistor spinors on Einstein manifolds

In [12] Th. Friedrichhasshownthat twistor spinorson complete connected
Einstein manifolds of non-positive scalar curvaturevanish at most at one
point. We will provethat this result is true also in the caseof positive scalar
curvature.

Proposition 4.1.Let (M’7, g) be a completeconnectedEinstein manifold of
positivescalar curvatureR > 0 andspin. Then any twistor spinor has at most
onezero.
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Proof Sincethe scalarcurvatureR of (M”, g) is positive, we know that

R
s= and A+s=0.

2n(n —1)

Let ~pbeatwistorspinorwith two zeroesx0 andx1 andlet y(t) be a minimizing
geodesicsuchthaty(0) = x0 andy(t1) = x1. Along the geodesicy(t) we have

(p(y(tflI
2 = ~ —cos(v”~t)),

where t’
0 = D(p(xo)~

2 > 0. This implies

= ~-~--~- = 2k ____________ for some positive integer k.
~R/(n(n-1))

On the other hand, the Theorem of Myers says

tl<
- ~/R/(n(n-l))

Thus k = 0, andwe obtainx
0 = x1. LI

Corollary 4.2.Any twistor spinor on a completeconnectedEinstein manifold
vanishesat mostat onepoint. LI

Remark 4.3.On the Euclidean spaceLW’, on the hyperbolic space H” and on
the sphereS” thereexist twistor spinorsvanishingat somepoint (see [6]).

5. Twistor spinors on Einstein manifolds

In this section we will see that the Euclidean space, the hyperbolic space
and the sphere are the only complete connected Einstein manifolds admitting
twistor spinors vanishing at some point. For completenesswe recall two results
proved in [14].

5.1. Twistor spinorsassumsof Killing spinors

Proposition 5.1.Let (M”,g) be a Riemannianspin manifold. Supposethat
(Ma, g) is an Einstein manifold with non-vanishing scalar curvature R ~ 0.
Then

(i)IfR > 0, then any twistor spinor is the sumoftwo real Killing spinors.
(ii) If R < 0, then any twistor spinor is the sum of two imaginary Killing

spinors. LI
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5.2. A characterizationof the hyperbolicspaceand the Euclideanspace

Proposition 5.2.Let (Ma,g) be a completeconnectedspin manifold. Further-
more, let (Ma, g) be an Einstein manifold with non-positivescalar curvature
R < 0. Supposethat (p is a non-parallel twistor spinor on M” such that the
function f : M” —~ [0, cx~) definedby f(x) = j(p(x)12,x E M”, attains a
minimum. Then

(i) If R < 0, then (Ma, g) is isometricto the hyperbolicspacewith sectional
curvatureR/(n(n — 1)).

(ii) If R = 0, then (M~,g)is isometric to the spaceLW’ with the standard
metric. LI

Finally we find anothercharacterizationof the sphere.

5.3. Characterizationof thesphere

Proposition 5.3.Let (M”, g) be a completeconnectedRiemannianspin manifold
andan Einstein manifoldofpositivescalar curvatureR> 0. Supposethat ~pis
a twistor spinor on M’7, where (p~2is non-constant.Then (M”, g) is isometric
to the sphereofscalar curvatureR.

Proof As a consequenceof Proposition5.2 thereexist Killing spinors (p~and

(p2 suchthat Vx(pi = AX.(pi andV~(p
2= —AX.fp2for all vectorfields X, where

A = ~/R/(n(n — 1)) and(p = (pi + (pa. Thus (p~2= J(p~~2+ Jc172j
2+ 2(ço

1,ço2).
Now (p12 and (p~~2are constant. Consequently, f = ((p1, (p2) is a non-constant

function, which satisfies the equation

Af = --ff.

By the theoremof MyersM~is compact,and the assertionis a consequence

of the theoremof Obata (see [81). LI

6. The conformal deformation defined by a twistor spinor

Let (M”,g) be a Riemannian spin manifold and suppose that (p is a non-
trivial twistor spinor. In earlier papersthe metric ~ = g/~(pl

4on M~\ N
1,,

where N1, is the zero set of (p, was studied. For instance,it was shown that
(M”\N1,,~) is an Einsteinmanifold (see [12] and [14]). Our purposehere
is to prove a sufficient condition for the completeness of the metric ~ on
M~\ N1,. Recall that N1, is a discretesubsetof M”.

Let (M”, g) be a Riemannianspin manifold andsupposethat (p is a non-
trivial twistor spinor vanishingat somepoint. We define a function r = r1,
M~—~ [0,oc) by r(x) = dist(x, N1,) for x E M”.
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Lemma6.1.Ifu = (p~2satisfiesthe conditionu(x) <r(x) for all x E M” \N1,,
then ~ is a complete Riemannian metric on M~\ N1,.

Proof The proofproceedsas the proofof Theorem 1 in [25]. LI

Let ct ~ 0 be a real constant.Since N01, = N1,, we have r1, = rI,1,. For the

twistor spinor ~ the condition aboveis Q
2~(pI2<r

01, which is equivalentto

r a
2

Completenessof the Riemannianmetric g/Ico~4is equivalentto completeness
of the metric g/Icsfpl4. We deduce:

Proposition 6.2.Let (M”,g) be a Riemannianspin manifoldandsupposethat
~pis a non-trivial twistor spinor vanishingat somepoint. If

(p(X)~2
sup . <00,

xEM~\N,, dist(x,N
1,)

then ~ = g/~p~is a completeRiemannianmetric on M” \ N1,. LI

Now we get the following corollary of Proposition6.2.

Corollary 6.3.Let (Ma, g) be a completeRiemannianspin manifoldandsuppose
that (p is a non-trivial twistor spinor with a finite numberof zeroesand such
that thefunction l~PI

2 is bounded.Then the metric ~‘ = g/~4on M” \ N
1, is a

completeRiemannianmetric.

Proof When (p~2is boundedit is enoughto prove the conditionof Proposition
6.2 in a neighbourhoodof the zeroesof (p. Let x0 be a point of N1, andy(t) a
geodesicwith y(O) = x0. Along this geodesicwe know that

I(p(Y(tflI
2 — u(t)

dist(y(t), N
1,) — t

We have u’(O) = 0, so

u(t)lim = 0.
t—~O

Thus

ko(x)1
2sup . <00,xrM~\N, dist(x, N
1,)

and the assumptionfollows. LI
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Example 6.4.The standardsphere5”. Let (p be a non-trivial twistor spinor
on 5” with zero x0. Thus x0 is the only zeroof (p. Since 5” is compact, the
function (p~2is bounded.Using Corollary 6.3, the metric g/~(pI

4on 5” \ {xo}
is complete.

7. The conformal vector field defined by a twistor spinor
Let (M”, g) be a Riemannianspin manifold. We assume(p to be a spinor

field on M” anddefine a vector field as well as a real-valued 1-form w by

g(V,X) = m(X) = i((p,X.(p)

for all vector fields X.

Lemma 7.1.Let (M”,g) be a Riemannianspin manifoldandsuppose(p to bea
non-trivial twistorspinor on M”. Thevectorfield V has thefollowingproperties:

(i) TheLie derivativeof the metric in direction of the vectorfield V satisfies

£vg = 2hg, whereh= ~Im((Dco,co));

in particular V is a conformal vector field.
(ii)If C

1, = 0 and Q1, = 0, then j~V~
2= k

1,jço~
4,where 0 < k

1, < 1 is a
constant. Consequently,if V does not vanish identically, then the zeroesof V
coincide with the zeroes of (p. In particular, they are isolated.

(iii.) If = 0 and Q1, = 0, then k1, = I if and only if V. (p = i~(pj
2t’p.

(iv) Finally, if C
1, = 0 and Q1, = 0, then V(jcol

2) = hI(p~2.

Proof (i) First observethat

g(Vx~Y)=X(g(V,Y))—g(V,VxY)

= i{(Vx(p, Y. (p~+ ((p,V~Y. (p + V. Vx(p) — ((p,VXY

= -~{(X. D(p, V. (p) + ((p,Y. X. D~)}

= ~Im((X. V. (p,D~)

for vectorfields X and Y on M”, andhence

(Cvg)(X,Y) =g(VxV,Y) +g(X,VyV)

2
= —Im(((X. V + V. X) . (p,D~17))

= ~Im((D(p,~)g(X,Y).
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(ii) Let V~,(x) be the n-dimensionalreal subspaceof S~given by

V1,(x) = {X.(p(x) :XE TXM~},

wherex E M” \ N1,. Then we have

2 . 2 ___________________

dist (ip, V1,) = l~I— (p~2

~112_ ~=1 g(V,e1)
2 - 112_ IIVII— (p (p~2 — (p

It is well known (cf. [12]) that if C
1, = 0 and Q1, = 0, then the expression

dist
2(i(p,J’~,)— 1— — c

I~pI2 — ~(p~4 —

is a constantsatisfying0 < c < 1, i.e. ~ = (1 — c)~(p~4.
(iii) This is proved in [28].
(iv) From C

1, = 0 and Q1, = 0 we know that uD(p = ~~ngradu. ~p,where
u = (p~2.Thus

V(u) =i((p,gradu.(p)= ~iu((p,D(p)= —~i(D(p,~u= hu. LI

Proposition 7.2.Let (M”, g) be a Riemannianspin manifoldand suppose(p to
be a non-trivial twistor spinor vanishingat somepoint x0. Furthermore, let V
be the conformalvectorfield definedby (p. If (x1, . . . , x~)are local coordinates
on M~near x0, then

/8V’ ‘\ =0.
\ dX~ i ,,~=

Proof Choose a local orthonormal frame e1,.. . , e~and local coordinates
(x1,. ..,x~)such that

a
= e1(x0)

XI

for I = 1,.. .,n. Since

V=>g(V,ej)e =

1=1 ~ m

we have

g(V,e~)= ~vmg(a/ax~,ej)

andconsequently
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~

+ Vmg(a/axm,

Becauseof Vm(xo) = 0 form = 1,. ..,n, we have

= ~ ~L(x
0)g((a/ax~)(x0),ej(x0))

av
m

= ~ (X
0)ômj

a VI
=

UXk

On the otherhand, we see

a
= 1~—((p,e1.

(JXk uXk

= i{(V~/aX~(p,eJ. ~) + ((p,VO/OV~(eJ.

But x0 is a zero of (p. Hence

a
= 0.

Xk

Consequently

a VI
= 0axk

for],k = 1 n. LI

Proposition 7.3.Let (Ma, g) bea completeconnectedRiemannianspin manifold
andsuppose(p to bea non-trivial twistor spinor with a zerox0. Furthermore, we
considerthe conformal vectorfield V and the correspondingfunction h. Then
thefollowing conditionsare equivalent:

(i) h is constant.
(ii)h 0.
(iii) V 0.

Proof If h is constant,then (p(x0) = 0 implies h 0. Thus£vg = 0, i.e. the
1-parametertransformationgroup {ç~,: M~—* ~ defined by V consists
of isometries.By Proposition7.2 we concluded~~(xo)= idT~M” for each cbt

of this family. Let y be a geodesicwith initial point x0 and initial tangent
vector j~(x0).Hence ç

5~(y) is also a geodesicwith initial point x
0. Since

dq5,(xo)(~(x0))= ~(x0), bothgeodesicscoincide, ~(y) = y. Thus V 0 is
proved. LI
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Proposition 7.4.Let (M~,g)be a Riemannianspin manifoldandassume~pto
be a non-parallel twistor spinor vanishingat somepoint. Furthermore, let h be
non-constant.Then the Pfaffian systemw = 0 on M” \ N1, definesan integrable
distribution.

Proof Let X and V be vectorfields on M” \ N1,. Then

dw(X,Y) =X(w(Y))—Y(w(X))—w([X,Y])

= !{(X . D~,V . (p) + ((p,Y . X . D(p)

—(Y.D(p,X. (p) —((p,X Y.D~}.

Since (p has a zero, we can substituteuDço = ~ngradu ~pinto the equation,
and obtain that udw(X, Y) = 2{X(u)w(Y) — Y(u)w(X)}. Consequently,
dw A w = 0 on M” \ N1,, and by the Frobenius’ Theoremthe assertion is
proved. LI

8. Twistor spinors on non-compact Riemannian manifolds

8.1. Thespinor derivativeon submanifoldsofcodimensionone

For details we refer to [3] or [5].
Let (M”, g) be a Riemannianmanifold anddenoteby S the spinorbundle

of (M”,g). Furthermore,let F~’ be an orientedsubmanifoldof codimension
oneof (M”, g) with the inducedmetric. We denote by ~ the normal unit
vector field on F”

1 given by the orientationof F”1 and M”. The vector
field çL~ inducesa spin structureon F”~. We denoteby SF the corresponding
spinorbundleof F”~. Then one can prove the following Lemma (cf. [3]).

Lemma 8.1. (i) if ii = 2m + 1, then the restriction of the spinor bundleS of
(M”, g) to the submnanifoldF”’ is isomorphicto the bundleS~,wherec~acts
O~SF = S~+ S,~ by

= (—l)mi(p~—(—I)mi(p

and thespinor derivativeof(p ~ F(S) is given by

V~(p=Vç((pjF)-~Vx~.(p

for all XE T~F”1.
(ii) If n = 2m + 2, then the restriction of the spinor bundleS of (Ma, g)

to the submanifold F”’ is isomorphic to the bundle SF + SF, where~ acts on
SF~ SF by

= (—1)mi((p
2~~)
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and the spinor derivativeof (p E F(S) is given by

Vx(p = V~(p1+~~—~

for all X E TXF”
1 (with the denotation (pIF ~ (pi + ~J.Here : S—~ S is the

isomorphismof the vector bundlesgiven in [3]. LI

Moreover,we will needthe following Lemma (cf. [3]).

Lemma 8.2.Let (M”, g) be an odd-dimensionalspin manifold. Then the iso-
morphism : S —~ S of the vector bundleshas theproperties

V~(p=V~, X•(p=-X.~

for all vectorfieldsX and spinorfields (p. LI

8.2. A local descriptionofRiemannianmanifoldsadmitting twistor spinors
vanishing at some point

Proposition 8.3.Let (M”, g) be a Riemannianmanifoldand suppose(p to be a
twistor spinor such that N

1, ~ 0 and h is non-constant.Then (M” \ N1,,g) is

locally isometricto a warpedproduct

(F~1 x (—e,e),exp(2Jh(~~(x))ds)gF+dt2),

where(F”
1,g~)is a Riemannianspin manifold.Moreover, if we havek

1, = 1,
then the restriction (p

1F E F(SF) of ~pyields a non-trivial twistor spinor on
(F”’, ge).

Proof Let V be the conformalvectorfield definedby (p. Then we consideron
M”\N

1, the unit vectorfield ~ = V/j(pj
2. We fix an arbitrarypointx E M”\N

1,.
Denoteby ~t(X) the integral curvesof V with initial point x and let F”~
be a leaf of the foliation of M” \ N1, definedby V (seeProposition7.4) with
x E F”~. We compute

= ~

= ~

= 2h(~51(x))(~g)~(X,Y)

for X, Y E T~F”’. The solution of this differential equationis given by

(~g)~(X,Y) = g~(X,Y)exp (2fh(~~(x))ds).
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Let F”’ x (—~,e)be a neighbourhoodofF”~anddefine I~: F”’ x (—~,e)
M”\N1, by 1i(x,t) = ~t(X). Thus

di’(X2)(X+ra/at) = dq~1(X)+ r~(q~1(x)),

which implies

(~j~*g)(x,t) (X e r a/at,y ~pa/at)

= (q5~g)~(X,Y)+ rp

=exP(2Jh(&(x))ds)gx(x,Y)+dt2(ra/at~Pa/at).

Therefore

= exp (2Ih(~S(x))ds)glF+dt
2.

Ifk
1, = 1,then~.(p i(p.

Let n = 2m + 1. From

VK(p = Vç((pjF) —

we obtain

Vx(p = V~((p~y)— ~i(iVx(p — . Vx(p)

+ ~Vx(p + ~

Since ip has a zero, we can substituteuD(p = ~ngradu ~pinto the equation
above.Thus

2uV~((plF)= ~{i~.X.gradu.(p—X.gradu.(p}

= ~{—iX.~.gradu ~(p—X.gradu.(p}

= it~(u)X.(p — X . gradu~(p

= X~{h~—gradu} . (p,

i.e.

= ~—X.{h~—gradu}.(p.

Let X1,. . .,X~_,be a local orthonormalframe tangential to F”’. Then for
the Dirac operator DE of F”’ we have
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DF((pj~) =~XJ.V~((pjF)

= ~~XJ.{h~-gradu}.(p

= n—1 {h~—gradu} . (p.

Obviously (pIE is a solution of the twistor equationon F”’.
Now let n = 2m + 2. From ~. (p = i(p we derive

~. (pj~~= ~. ~ ~j)

= (—l)mi((p
2~~)

i(pJF = i(p,+(p2.

Hence (p, = (_~l)m(p~and (pIE = (pi + (—l)
m~Trespectively. Using Lemma

8.1, we have

Vx(p = V~(p

1 ~ (_1)m~.~_ ~

for all X tangential to F”’. Analogously to the first case we have

V~(p1+ (_l)m~~i = ~-X.{h~—gradu}.(p.

This implies

DF(pI ~ (_l)m+lD~, = . ~ (—l)~~ (x1 . V~(p,)

=~X1 .V~, ~ (—1)
mX

1 ~

= —~2
1{h~—gradu}. (p.

Furthermore

V~(p
1+ (_1)mV~(p,= — 1 1X .{DF(p, + (_l)m+

1DF(p,}

= —~

1{X.DF(p, +(_1)m(X.DF(pl)}.

Consequently,we arrive at

V~(p,=_~l1X•DF(p1~

i.e. p, is a non-trivial twistor spinoron F”’. LI
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8.3. Thespinor derivativeon warpedproducts

For details seeagain [3] or [5].
Let (F”’, g~)be a spin manifold with spin structure(QF, fE), I = (a, b) c

~,—00 <a <b < 00, be an open interval andc E C°~(Fx I,1~) be a smooth
function. We considerthe warpedproduct

(M”,g) := (F x J ~2c(x~!)g~+dt2).

(M”, g) is a spin manifold with spin structure (Q,f). This spin structure
reduceswith respectto the global unit vector field ~(x,t) := (a/at)(x) to a
spin structure (Q,f), which is on eachfibre F x {t} the conformally equivalent
spinstructureof (F,e2~~/)g~)to (QF,fF). Denoteby SF the spinorbundleof
(F”’,gF). Let it: F xI —~ F be the projection.For a section (p E F(m*SF) we
denoteby (pi E F(SF) the spinor field, given by (p~(x)= (p(x, t). For a vector
field X on F let X be the vectorfield definedby X(x,t) := e~(xl)X(x) on
M.

Lemma 8.4. On the warped product (M”, g) we have the following relations
betweenthe spinor bundlesof (M”, g) and (F”’, ~

(i) If n = 2m + 1, then the spinor bundle S of (M”, g) can be identifiedwith
the bundle it*S

Jt*SF~S (p~(p

in such a way that the Clifford multiplicationsatisfies

X(x,t) . ~(~,t) = (X(x) . (pt(X)), X(x) E T~F,

~. (~+~~) (—l)mi((p~—(p-)

and the spinor derivative is given by

= e_c (v~(p
1— X . grad~(c). (ps)— ~c’~ ~. ~, x E T~F,

v~=(a/at)(~).

(ii) If n = 2m + 2, then the spinor bundle S of (M”, g) can be identified

with the bundle Th*SF ~

7t~SF~ 7r*SF~S

(p = (p1+(p2~(p = (pIEB(p2

in such a way that the Clifford multiplication satisfies
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X(x,t) . ~(x,t) = (X(x) . (p,,(x)) ~ (X(x) . (p21(x)), XE T~F,

,~. (~~) = (-l)
mi(~+~)

and thespinor derivativeis given by

= e_c {(v~r(pIt— X . grad~(c). (pu)

XET~F,

V~= (a/at)(ç~),

where c’ = (a/~t) (c). Furthermore, grads(c) isdefinedbygrad(c) = grads(c)
~ c’~andgrad(c) is thegradienton M” respectivelyg. For the definition ofSF
we refer again to [3] or [5].

Proof Let (e,,.. . , e,,_,) be a local orthonormal frame of (F, gj~)and let
X E T~F.On the warpedproduct (M”, g) the Levi-Cività connectionsatisfies

g(V~5,e)=e_c{gF(V~eJ,e~)+ej(c)gF(X,ej)_e/(c)gF(X,e])},

g(V~è~,ç~)= —(a/at)(c)gF(X,eJ),

= 0 fori,j= l,...,n—l.

Now the assertionfollows similarly as in the proof of Lemma 4 in [5]. LI

8.4. Theexistenceoftwistor spinors on warpedproducts

Let (F,g~)be a n-dimensional Riemannian spin manifold. Denote by SF

the spinor bundle and by V the covariant derivative on SE inducedby the
Levi-Cività connection on F. Furthermore,let c E C°°(Fj~)be a smooth
functionon F. We define a covariantderivative

F(SF)_~F(T*F®SF) by

V5,.iii = V~i//— X . grad(c) .

for all vectorfields X andspinorfields w.

We call a sectionw E F (SF) c-parallelif andonly if VcyJ = 0.

Lemma 8.5.Let y/ E F(SE) be a non-trivial c-parallel spinor field on (F,g~).
Then ~i’ is a twistor spinor and has thefollowingproperties:

(i)C~,= 0 and Q~’,= 0.
(ii) wi2 . e2c = constant.
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(iii) w has no zero.

Proof From V~ w = X . grad(c) w for all vector fields X it follows that
= —ngrad(c) w. Thus C1, = Re((Dw,’p’)) = 0 and

= iDwi
2iwI~— ~Re((e

1 . Dcii, w))
2

= n211 grad(c)I~2I~j4— n211 grad(c)~i2iw~4

=0.

Since ci’ is a twistor spinor, it holdsthat

IwI2Dw = ~ngradIwI2 = —njwl2grad(c).ci’.

Then

grad(ln~çi/~2)= —2grad(c).

Therefore(ii) follows. Now (iii) is obvious. LI

Example8.6.Let (F, g) be aRiemannianspin manifold admittinga non-trivial
parallelspinor field ci’ and supposec to be an arbitrary real-valuedfunction
on F. Then e’~7on (F,~’),where ~‘ = e_4cg, is a c-parallel spinor field.
Here— : SF —~ SF denotesthe natural isomorphismof the correspondingspin
bundles.

Remark8.7.Therearea lot of manifolds admittingparallelspinorfields, which
henceyield c-parallelspinorfields as mentionedabove.

Corollary 8.8.~‘ E F (SF) is a non-trivial c-parallel spinor field on (F, g~) if
and only if ¶/ wi is a non-trivial parallel spinor field on (F, ~ = e4Cg~).

Proof The assertionis a direct consequenceof Lemma 8.5, the exampleof
this sectionandProposition6 in [121. LI

Proposition 8.9.Let (F”’, g~)be a Riemannianspin manifold, c E C~(F x

D~,01) bea smoothfunctionandsupposeci’ E F (SF) to be a non-trivial c-parallel
spinor field on F. Then there exists a non-trivial twistor spinor ~ on the warped
product

(M”,g) := (F”’ x ~~2cg~ ~dt2)

such that C~= 0 and Q~.= 0.

Proof Let n = 2m + 1. We define aspinorfield ~ on (M”,g) by

(p(X,t) = e~~t)I2y.i(x).
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Then

= e_c(VXW —X .grad~(c)w) — ~c’X.~.

=—~c’X~~.~forXEF(TF),

V~= (a/at)((p) =

Fromthis we conclude

2m

~ ~(2m+ l)c’~.~,
./=1

where (e,,. . . ,e2m) is a local orthonormalframe on (F,gF). Thus

V~+ 2+ 1X.D~= -~c’X&+ ~c’X.~~= 0

and

V~+ 2m+ ~ ~c’~- ~c’~= 0.

Consequently,~ is a twistor spinor on (M”, g).
Let n = 2m + 2. We considerthe spinorfield ~ on (M”, g) given by

(p (x, t) = ec~~t)/
2(w (x) + (—1 )m~(x)).

We obtain

= c_c {(Vx~ — X . grad~(c). w) + ~ — X . gradF(c) .

-

=—~c’X~~forXEF(TF)

V~= (a/at)((p) = ~c’~i.

Analogously,~ is a twistor spinoron (M”,g). We have

(D~) =

andthus

C~=Re((D~))=0

follows. Furthermore
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= i~i~iD~i~- ~(Re(D~ . ~)2 - (Re(D~.

= I~i2iD~i2- ~n2(c’)2~(Re(~ ~ ~)2 - (Re(D~.

= 1n2(cF)2l~i4- ~n2(c’)2(Re(~. ~.

=0. LI
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